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Abstract

This article shows the derivation of a combinatoric formula for the
probability mass function (pmf) of the sum of the k-highest of n s-
sided dice. It is based on an answer by a user called “techmologist” to
a question posted on Physics Forums.

Start by rolling n s-sided dice. Sort them from lowest to highest, labeling
them X(1), . . . , X(n). Then 1 ≤ X(1) ≤ . . . ≤ X(n) ≤ s. Keep the highest k
dice and sum them. Gamers often use the notation ndskk for the sum of
the k-highest of n s-sided dice. Let x represent a particular value of this
sum. Note that x can range from k to ks. The distribution of this sum is
S = X(n−k+1) + . . . + X(n). We wish to find a combinatoric formula for its
probability mass function (pmf) f(x) = Pr[S = x].

On Physics Forums, a user calling himself “techmologist” explained a
method for finding the number of ways ν for the sum S of the k highest
of n s-sided dice to take on the value x. You can read his original post
at Puzzling “roll X dice, choose Y highest” problem. His explanation is
paraphrased here:

Let r be the smallest value that occurs among the k highest. Suppose
that exactly i of the n dice have values less than r, j are equal to r, and
the rest are greater than r. If i + j = n, then each of the k highest takes
on the value r, and S = kr is the only possibility for the sum. Otherwise,
if i+ j < n, then that leaves n− i− j dice whose values are greater than r.
Of the highest k, k− (n− i− j) of them take on the value r. So for the sum
S to take on some particular value x, the remaining n − i − j dice need to
sum to x− r(k + i+ j − n). Further, the values of these dice are restricted
to r + 1, r + 2, . . . , s.

The number of ways this can be done is the same as the number of ways
to distribute x− r(k+ i+ j−n) indistinguishable balls among n− i− j cells
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such that every cell has between r + 1 and s balls. And this is the same as
the number of ways to distribute x− r(k+ i+ j − n)− (r+ 1)(n− i− j) =
x+ i+ j − n− rk balls among n− i− j cells so that each cell has between
0 and s− r − 1 balls.

Using the principle of inclusion-exclusion, the number of ways to dis-
tribute B indistinguishable balls among C cells so that each cell has between
0 and D balls is

N(B,C,D) =
C∑

m=0

(−1)m
(
C

m

)(
B −m(D + 1) + C − 1

C − 1

)
for C > 0. We take N(0, 0, D) to be 1.

It is important that
(
a
b

)
return 0 when b > a or when either argument

is negative. Alternatively, the forumula for N(B,C,D) can be re-written
with min(C, b B

D+1c) as the upper limit of the sum instead of C. Then the
binomial coefficients would all be nonzero

So for each pair i, j, there are

n!

i!j!(n− i− j)!

ways to separate the n dice into those that are less than, equal to, and
greater than r. Then there are (r − 1)i ways to choose the values of those
less than r. And finally there are N(x+i+j−n−rk, n−i−j, s−r−1) ways
for the k highest to sum to a particular value x. So, summing the resulting
expression over the allowed values of r, i, and j results in

ν =
s∑
r=1

n−k∑
i=0

n−i∑
j=n−k−i+1

n!

i!j!(n− i− j)!
(r−1)iN(x+i+j−n−rk, n−i−j, s−r−1)

ways for the sum S of the k highest of n s-sided dice to take on the value x.
Since there are sn ways to roll n s-sided dice, the pmf f of the probability

distribution S is

f(x) =

{
ν
sn if k ≤ x ≤ ks
0 otherwise
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